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Course Overview Course Essentials

Schedule

Dates: February 22 - June 01, 2010
Location: EXTRANEF 126
Clasroom sessions: Mondays, 9h15 - 12h00
Exercise sessions: Tuesdays, 13h15 - 15h00
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Course Overview Course Essentials

Grading

There is a midterm (MID) and a final exam (FE ). Documentation is
allowed. You can use a calculator.
You will have to solve problem sets but DO NOT NEED to hand them
in. Each Tuesday, some of you will help me to solve problems. This
will grant you a participation bonus (PB), going from 0% to 20%.
Everyone starts at PB = 0%.
The final grade will be

GRADE = min
[
6,

MID +FE
2

(1+PB)

]
Midterm date: April 13, 2010 (Tuesday)
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Course Overview Course Essentials

Pedagogical Material

Class notes
Textbooks

I Bodie, Kane and Marcus, Investments
I Hull, Options, Futures, and Other Derivatives
I Kritzmann, The Portable Financial Analyst: What Practitioners Need

to Know
I Bernstein, Peter, Capital Ideas: The Improbable Origins of Modern

Wall Street.

Journal Articles
Website: www.danielandrei.net → Teaching → Investments [username
and password to be given in class]
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Course Overview Program

Two Parts

1 Part One (lectures 1-7)
I Asset Allocation, CAPM, APT, Security Analysis, Applications.

2 Part Two (lectures 8-14)
I Interest Rates,Term Structure, Bond Portfolios, Credit Risk, Alternative

Investments.
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Market Overview The Money Market

Short-Term Debt Securities

The Money Market consists of very short-term debt securities that
usually are highly marketable. Some examples below (definitions are
form the Oxford Dictionary of Finance and Banking)

I Treasury Bills

F Definition: a bill of exchange issued by the US Treasury or the Bank of
England on the authority of the US and UK governments respectively
that is repayable in three months. They bear no interest, the yield being
the difference between the purchase price and the redemption value.

F Simplest form of borrowing: the government raises money by selling
bills to the public.
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Market Overview The Money Market

Short-Term Debt Securities (cont.)

I Certificates of Deposit

F Definition: a negotiable certificate issued by a bank in return for a term
deposit of up to five years.

F Time deposits with a bank. These time-deposits may not be withdrawn
on demand.

I Commercial Paper

F Definition: a relatively low-risk short-term (maturing 60 days or less in
the US) unsecured form of borrowing. Commercial paper is often
regarded as a reasonable substitute for Treasury bills, certificates of
deposits.

F Short-term unsecured debt issued by large, well-known companies.
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Market Overview The Bond Market

Longer-Term Borrowing Instruments

The bond market is composed of longer-term borrowing instruments
than those that trade in the money market:

I Treasury Notes and Bonds: issued by the US Treasury.
I Corporate Bonds: issued by private corporations.
I Municipal Bonds: issued by local governments authorities, especially in

the US.
I Mortgage Securities: securities in which cash flows derive form an

underlying pool of mortgages.
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Market Overview The Bond Market

Longer-Term Borrowing Instruments (cont.)
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Market Overview The Bond Market

Longer-Term Borrowing Instruments (cont.)
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Market Overview Equity Securities

Common Stock as Ownership Shares

Common stocks, also known as equity securities or equities, represent
ownership shares in a corporation. Each share of common stock
entitles its owner to one vote on any matters of corporate governance
that are put to a vote at the corporation’s annual meeting and to a
share in the financial benefits of ownership.

The common stock of most large corporations can be bought or sold
freely on one or more stock exchanges.

Two important characteristics of common stock: residual claim and
limited liability.
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Market Overview Equity Securities

Common Stock as Ownership Shares (cont.)

Calculating returns: buy at time 0 and pay P0, sell at time T and
receive PT and dividend DT .

I The percentage return is calculated as

rT =
PT +DT −P0

P0
(1)

I The log-return is calculated as

rT = ln
(

PT +DT

P0

)
(2)
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Market Overview Stock and Bond Market Indexes

Averages

Indexes represent measures of the performance of the stock market.
They consists of several stocks from different sectors of the economy
(the average can be computed equally-weighted or value-weighted).
Examples: Dow Jones Industrial Average, Standard & Poor’s
Composite 500, FTSE, DAX, NIKKEI 300, etc.

Bond market indexes measure the performance of various categories of
bonds.The three most well-known groups of indexes are those of
Merrill Lynch, Lehman Brothers, and Salomon Smith Barney.
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Market Overview Stock and Bond Market Indexes

Averages (cont.)
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Market Overview Derivatives Markets & Currencies

Futures, Options and other Derivatives

These instruments provide payoffs that depend on the values of other
assets such as commodity prices, bond and stock prices, or market
index values. For this reason they are called derivative assets,
orcontingent claims.
Overview of derivatives by underlying:

I Equity Derivatives: stock options, index futures, futures options, etc.;
I Fixed-Income Derivatives: caps/floors, swaps, swaptions, etc.;
I Credit Derivatives: credit swap, collateralized loan obligations, etc.;
I Other Derivatives: FX, weather, “exotics”, etc.
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Market Overview Derivatives Markets & Currencies

Currencies

Currencies are the most liquid financial instrument.
Currency instruments have generally spoken the same type of
parameters. However, characteristics may differ, e.g. currency return
volatility, which is not shaped in the same form as the equity return
volatiltiy.
Currency positions usually have a much shorter maturity. Proprietary
traders on Wall Street take positions up to half an hour.
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Market Overview Financial Innovation and Securitization

Does Financial Innovation Add Value?

Empirical evidence supports the statement that financial innovation
does provide social wealth:

I It caters to the investment diversity desired by the investors;
I It improves the opportunities for investors to receive efficient risk-return

trade-offs;
I It provides risk management tools for all market participants;
I It promotes broad distribution and liquidity to economic resources.

Securitization is a structured finance process, which involves pooling
and repackaging of cash flow producing financial assets into securities
that are then sold to investors. Example: securitization of the
mortgage market.
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Return and Risk Random Events

An Example

Imagine a series of bets on fair and independent coin tosses at times
1/2, 3/4, 7/8, and so on.
Suppose one’s goal is to earn a riskless profit of α by time 1, where α

is some arbitrarily large number.
One can bet α on heads by time 1/2. If the first toss comes up heads,
one stops. Otherwise one owes α to one’s opponent.
A bet of 2α on heads for the second toss at time 3/4 produces the
desired profit if heads comes up at that time.
Otherwise, one is down 3α and bets 4α on the third toss, and so on.
Because there is an infinite number of potential tosses, one will
eventually stop with a riskless profit of α (almost surely), because the
probability of losing every one of an infinite number of tosses is
(1/2) · (1/2) · ... = 0.
This is a classic “doubling strategy”.
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Return and Risk Probability Distributions

The Normal Distribution

The normal distribution is a continuous probability distribution: it
assumes there are an infinite number of observations covering all
possible values along a continuous scale.
Characteristics:

1 A normal distribution can be fully characterized by only two
parameters: mean and variance,

2 It is symmetric around its mean,
3 The area enclosed within one standard deviation on either side of the

mean encompasses 68 percent of the total area under the curve,
4 95 percent for two standard deviations,
5 99.7 percent for three standard deviations,

It fails to capture large movements in stock prices (mathematically,
the tail distribution is too thin).
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Return and Risk Lognormality, Return and Risk

Simple and log returns

In probability and statistics, the log-normal distribution is the
single-tailed probability distribution of any random variable whose
logarithm is normally distributed. If X is a random variable with a
normal distribution, then Y = eX has a log-normal distribution.
In many cases returns are assumed to be lognormally distributed.
Difference between simple and log return [to be shown in class].
Return and Risk [to be shown in class].
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Return and Risk Lognormality, Return and Risk

Some History

The question whether investors can successfully forecast stock prices
was adressed for the first time by Luis Bachelier in his 1900
dissertation on the “Theory of Speculation”.
He ended up with a mathematical formula that describes the Brownian
motion.
In Bachelier’s words: “The mathematical expectation of the speculator
is zero”. He describes this condition as a “fair game”.
Bachelier was far ahead of his time. It took sixty years before Fisher
Black, Myron Scholes and Bob Merton worked out the Black Scholes
option pricing formula, by using the geometric Brownian motion.
Additionally (!) the derived formula anticipated Enstein’s research into
the behavior of particles subject to random shocks in space.
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Return and Risk Lognormality, Return and Risk

Random Walks in Stock Market Prices
Paul Samuelson (economist and Nobel laureate): “It is not easy to get
rich in Las Vegas, at Churchill Downs, or at the local Merrill Lynch
office”.
Many empirical tests of the random walk theory have been performed.
Here is a simple visual test which might take you only a few minutes
to perform [Matlab code to be shown in class]
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Summary & Further Reading

Summary

Broad overview of the the financial system (markets, intermediaries,
instruments, clients, etc.)
Empirical evidence supports the statement that financial innovation
does provide social wealth. However, sometimes abusive usage of
financial innovation may cause disruptions.
We use probability distributions to characterize and evaluate random
events.
There is a long tradition of using the normal distribution to
characterize the fluctuations in stock prices. However, the normal
distribution is not adequate to capture large surprises.
The theory of random walks in stock market prices presents important
challenges to both the chartist and the fundamentalist.
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Summary & Further Reading

For Further Reading

Fama, Eugene, “Random Walks in Stock Prices,” FAJ, 1965
I why common techniques for predicting stock market prices fail

(because of the theory of random walks). Both the chartist and the
fundamentalist will have a hard time to add value.

Sharpe, William, “Risk, Market Sensitivity, and Diversification,” FAJ,
1972

I about market and non-market risk. On how diversification reduces risk.
On why some securities are more sensitive to market changes than
others.

Bernstein, Peter, “Capital Ideas: The Improbable Origins of Modern
Wall Street,” Wiley & Sons, 1992

I chapter 1, about Bachelier, the Dow Jones Average, the birth of the
journal Econometrica, etc.
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Portfolio Choices Expected Utility Maximization

The Portfolio Choice Problem

Let us begin with a simple case: an individual has an initial wealth of
W0 and he must choose his current consumption C0 and invest his
savings W0−C0 among N assets.
Two constituent elements are necessary to formulate the problem:

1 The time scale: We are dealing with a static situation characterized by
two instants t = 0 and t = 1.

2 The hypothesis regarding the attitude of individuals towards risk: we
assume that the investor builds his portfolio so as to maximize his
expected utility E

[
U
(
C0, C̃1

)]
.

The investor’s (random) consumption in period 1, C̃1, will depend on
how much he has saved in period 0, and on which assets he has
invested in.
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Portfolio Choices Expected Utility Maximization

The Portfolio Choice Problem

Let ωn denote the fraction of wealth invested in the nth asset and R̃n
the random return on the nth asset in period 1, i.e. the payoff of one
unit of account invested in asset n in period 0.
When formulating the investor’s maximization problem, we must take
two things into account:

1 The size of the investor’s savings in period 0, W0−C0, constrains how
much he can invest, and

2 His portfolio holdings must sum to 1.

In matrix notation, the formal statement of the portfolio problem is
therefore

maxC0,wE
[
U
(
C0,(W0−C0)w ′R̃

)]
s.t. 1′w = 1 (1)
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Portfolio Choices Expected Utility Maximization

The Portfolio Choice Problem

To solve this problem, form the Lagrangian

L = E
[
U
(
C0,(W0−C0)w ′R̃

)]
+ λ

(
1−1′w

)
(2)

The first order conditions are

∂L
∂C0

= E
[
U1−U2w ′R̃

]
= 0

∂L
∂w

= E
[
U2 (W0−C0) R̃

]
−λ1 = 0

∂L
∂λ

= 1−1′w = 0 (3)
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Portfolio Choices Expected Utility Maximization

Interpretation

Replace third FOC in the second to see that λ is the expected
marginal utility of wealth:

λ = w ′E
[
U2 (W0−C0) R̃

]
(4)

Here is the economic interpretation of the portfolio solution:
1 The first condition states that the investor consumes from wealth until

the expected marginal utilities of consumption and savings are equal,
E [U1] = E

[
U2w ′R̃

]
.

2 The second condition says that the savings are allocated among the
assets until each gives an equal contribution to expected marginal
utility, E

[
U2 (W0−C0) R̃n

]
= λ .

In static finance, one ignores the consumption part of the decision and
only considers the investment decision aspect of the problem.
Moreover, one considers utility over returns.
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Portfolio Choices Expected Utility Maximization

Interpretation
Let W denote wealth available for consumption in period 1,
W = C1 = (W0−C0)w ′R . Then, the overall return on the portfolio,
Rp, is given by Rp = W

W0−C0
= w ′R .

Writing u (Rp) = U (C0,W ), we have

u′ (Rp) =
∂u

∂Rp
=

∂U
∂W

dW
dRp

= U2 (W0−C0) (5)

Thus, we can rewrite the condition E
[
U2 (W0−C0) R̃

]
−λ1 = 0 as

E
[
u′
(
w ′R̃

)
R̃
]

= E
[
u′
(
R̃p

)
R̃
]

= λ1 (6)

Without some additional structure, the portfolio problem is hard to
analyze. To make it tractable, restrictions are imposed on

I the investor’s utility function u, and/or
I the distribution of asset returns, R.

This brings us to the Mean-Variance Criterion.
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Portfolio Choices The Mean-Variance Criterion

Expected Utility Maximization and Mean-Variance

The mean-variance criterion is widely used in practice. Under this
criterion, a portfolio w can be optimal if it has minimum variance σ2

p ,
given expected return µp.
Formally, letting µ denote the vector of expected returns and Σ the
variance-covariance matrix of returns, the portfolio’s expected return is
µp = µ ′w and its variance σ2

p = w ′Σw . Then, the minimum-variance
portfolio with expected return µp is the solution to

minw
1
2
w ′Σw s.t. µ

′w = µp (7)

The main question is: under which conditions on (i) the distribution
of asset returns and (ii) the investor’s preferences is the mean-variance
criterion consistent with expected utility maximization?
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Portfolio Choices The Mean-Variance Criterion

Expected Utility Maximization and Mean-Variance

Answer: there are two particular cases
1 The case of quadratic utility, which can be written as

u (Rp) = Rp−
bR2

p

2
(8)

(computations for this case in class).
2 The case of multivariate normally distributed asset returns and

increasing and concave utility. The reason is that a normal distribution
can be fully characterized by only two parameters: mean and variance.
Thus, if the return on all assets is normally distributed, then the return
on any portfolio of these assets will also be normally distributed, and
mean and variance will be sufficient to describe it.
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Portfolio Choices The Mean-Variance Criterion

Proof of Equivalence in the Second Case

Let f
(
Rp; µ,σ2) denote the normal density of the portfolio return.

Note that we drop p subscripts on µ and σ here. Then, expected
utility is given by

V
(
µ,σ2)= E

[
u
(
R̃p

)]
=
∫

∞

−∞

u (Rp) f
(
Rp; µ,σ2)dRp

=
∫

∞

−∞

u (µ + σε)n (ε)dε (9)

where ε =
Rp−µ

σ
is standard normal with density n (ε) = 1√

2π
e−

ε2
2 .

Using Leibniz’ rule, we see that nonsatiated investors will prefer higher
expected returns:

∂V
∂ µ

=
∫

∞

−∞

u′ (µ + σε)n (ε)dε > 0 (10)

Asset Allocation I (Session 2) Investments Spring 2010 11 / 34



Portfolio Choices The Mean-Variance Criterion

Proof of Equivalence in the Second Case

To derive the dependence of expected utility on portfolio variance,
note that

∂V
∂σ2 =

1
2σ

∂V
∂σ

=
1
2σ

∫
∞

−∞

u′ (µ + σε)εn (ε)dε

=
1
2σ

∫
∞

−∞

u”(µ−σε)σn (ε)dε < 0 (11)

The last term is negative because u is concave. Thus, for normally
distributed returns, the mean-variance criterion is consistent with
expected utility maximization for all non-satiated risk-averse investors.
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Portfolio Choices The Mean-Variance Criterion

The Case of Exponential Utility

Example
(to be solved in class) Consider a risk-averse investor with exponential
utility:

u (Rp) =−e−aRp , a > 0 (12)

If the distribution of returns is normal wiht mean µ and variance σ2, then,
maximizing expected utility is equivalent to maximizing µ− a

2σ2. Note
that a is the investor’s degree of risk aversion.
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Portfolio Choices The Mean-Variance Criterion

Interpretation
Maximizing µ− a

2σ2 means that the investor is maximizing the
portfolio’s expected return minus a risk premium which is proportional
to the variance of portfolio returns.
Therefore, the investor’s indifference curves are the solution to
V = µ− a

2σ2. Graphically, they are half-parabolas in mean-standard
deviation space:
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Figure 1: Indifference curves for a = 2 and a = 5.
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Mean-Variance Portfolio Analysis Minimum-Variance and Efficient Portfolios

Efficient Portfolios

The investor’s problem is to choose a portfolio such that
1 He minimizes the risk for a given expected return, and simultaneously,
2 He maximizes the expected return for a given risk.

We will call the set of the optimal portfolios mean-variance efficient.
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Mean-Variance Portfolio Analysis Minimum-Variance and Efficient Portfolios

Minimum-Variance vs Efficient Portfolios
We will describe the properties of mean-variance efficient portfolios.
To start with, we will consider the broader class of minimum-variance
portfolios, i.e. the set that includes the single portfolio with the
smallest variance at every level of expected return (it is easy to work
with analytically).
Graphically, the distinction between efficient and minimum-variance
portfolios translates to the following:
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Mean-Variance Portfolio Analysis The Mean-Variance Portfolio Problem

The Mean-Variance Portfolio Problem

We first consider the case without a riskless asset.
Suppose there are N risky assets available for investment, and let µ

denote the vector of asset expected returns and Σ the
variance-covariance matrix of returns. Then, for any portfolio w ,
expected return is given by

µp = w ′µ (13)

and portfolio variance equals

σ
2
p = w ′Σw (14)

The minimum-variance portfolio with expected return µp is the
solution w (µp) to

minw
1
2
w ′Σw s.t. 1′w = 1, µ

′w = µp (15)
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Mean-Variance Portfolio Analysis The Mean-Variance Portfolio Problem

The Mean-Variance Portfolio Problem (cont.)
To solve this problem, set up the Lagrangian

L =
w ′Σw

2
+ λ

(
1−1′w

)
+ γ
(
µp−µ

′w
)

(16)

The first-order conditions are

∂L
∂w

= Σw −λ1− γµ = 0

∂L
∂λ

= 1−1′w = 0

∂L
∂γ

= µp−µ
′w = 0 (17)

Hence, all minimum-variance portfolios are of the form

w = λ Σ−11+ γΣ−1
µ (18)
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Mean-Variance Portfolio Analysis The Mean-Variance Portfolio Problem

The Mean-Variance Portfolio Problem (cont.)

In order to determine the constants λ and γ , just use the two
constraints and require that they be satisfied.

For the first constraint, we have

1′w = 1′
(
λ Σ−11+ γΣ−1

µ
)

= 1 (19)

or
1′Σ−11λ +1′Σ−1

µγ = Aλ +Bγ = 1 (20)

For the second constraint, we have

µ
′w = µ

′ (
λ Σ−11+ γΣ−1

µ
)

= µp (21)

or
µ
′Σ−11λ + µ

′Σ−1
µγ = Bλ +Cγ = µp (22)
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Mean-Variance Portfolio Analysis The Mean-Variance Portfolio Problem

The Mean-Variance Portfolio Problem (cont.)
Therefore, the composition of the minimum-variance portfolio with
expected return µp is given by

w = λ Σ−11+ γΣ−1
µ

λ =
C −µpB

∆
, γ =

µpA−B
∆

A = 1′Σ−11 > 0, B = 1′Σ−1
µ

C = µ
′Σ−1

µ > 0, ∆ = AC −B2 > 0 (23)

Using the previous results, the relationship between expected return
and variance on the minimum-variance set is given by

σ
2
p (µp) = w ′Σw = w ′Σ

(
λ Σ−11+ γΣ−1

µ
)

= λw ′1+ γw ′µ =
Aµ2

p −2Bµp +C
∆

(24)
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Mean-Variance Portfolio Analysis The Mean-Variance Portfolio Problem

Graphically

In the mean-standard deviation space this is the equation of a
hyperbola.
It is important to note that the shape of the minimum-variance set
depends not only on assets’ expected returns and variances, but also
on the correlation between their returns:
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Figure 2: Minimum-variance set as a function of ρ
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Mean-Variance Portfolio Analysis Properties of Minimum-Variance Portfolios

Properties and Graphical Description

Let us analyze the properties of the minimum-variance set hyperbola

The expected return on the global minimum variance portfolio wg can
be found by minimizing the expression for σ2

p (µp):

dσ2
p

dµp
=

2Aµp−2B
∆

= 0 (25)

yielding µg = B/A.

Inserting this value into the expression for σ2
p yields

σ
2
g =

1
A

(26)
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Mean-Variance Portfolio Analysis Properties of Minimum-Variance Portfolios

Properties and Graphical Description (cont.)
Using

λ =
C −µgB

∆
=

C −B2/A
∆

=
1
A

(27)

and
γ =

µgA−B
∆

= 0 (28)

the composition of the global minimum-variance portfolio wg is given
by

wg = λ Σ−11 =
Σ−11

A
=

Σ−11
1Σ−11

(29)

Let us now determine the slope of the asymptotes of the hyperbola.
First, compute the slope of the hyperbola at any point,

dµp

dσp
=

dµp

dσ2
p

dσ2
p

dσp
=

∆

2Aµp−2B
2σp =

∆

Aµp−B

√
Aµ2

p −2Bµp +C
∆

(30)
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Mean-Variance Portfolio Analysis Properties of Minimum-Variance Portfolios

Properties and Graphical Description (cont.)

Taking the limit of this expression as µp→±∞ then yields

lim
µp→±∞

dµp

dσp
=±

√
∆

A
(31)

This completes our description of the hyperbola.

Note that the covariance of any asset or portfolio with the global
minimum variance portfolio wg is 1/A:

Cov
(
R̃g , R̃p

)
= w ′g Σwp =

1′Σ−1

A
Σwp =

1′wp

A
=

1
A

(32)

All minimum-variance portfolios can be seen as portfolio combinations
of only two distinct portfolios. This result is called two-fund separation
[to be shown in class]
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Mean-Variance Portfolio Analysis Diversification

Systematic vs Idiosyncratic Risk

So far, we have been concerned with the properties of
minimum-variance portfolos. given µ and Σ, we saw that we can fully
describe the mean-variance efficient set.
We mentioned earlier that correlation between asset returns is a key
driver of the shape of the efficient set. Low or negative correlation
seemed to lead to a more favorable efficient set in terms of the
available risk-return menu.

Example
(to be solved in class ). Let us analyze the issue of diversification in more
detail. To do so, consider an equally-weighted portfolio. This portfolio will
not be efficient in most cases, but let us analyze its properties to get some
intuition for what is actually happening. The weight of each of the N
assets in an equally-weighted portfolio is ωn = 1/N. The figure below
shows that most of the benefits of diversification arise with 20 to 30 assets.

Asset Allocation I (Session 2) Investments Spring 2010 26 / 34



Mean-Variance Portfolio Analysis Diversification

Systematic vs Idiosyncratic Risk (cont.)

0 10 20 30 40 50
Number of assets0.00

0.05

0.10

0.15

0.20
Portfolio Variance

Figure 3: Diversification

Therefore, one can distinguish two kinds of risk:
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Mean-Variance Portfolio Analysis Diversification

Systematic vs Idiosyncratic Risk (cont.)

1 idiosyncratic risk is specific to a given asset and can be diversified,
2 systematic risk arises from the correlation/covariance in asset returns

and cannot be diversified

A very important result of asset pricing theory is that the market pays
no risk premium for bearing idiosyncratic risk because it can be avoided
by diversification. We will return to this point later in the course.
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Summary & Further Reading

Summary

If returns are log-normal and utility is exponential ⇒ mean-variance
framework.
The investment set:

I is a hyperbola with focal point the global minimum-variance portfolio.
I depends on µand Σ and implicitely on ρ.

Two-fund separation: all minimum-variance portfolios can be obtained
as a combination of the global minimum-variance portfolio wg and the
portfolio wd . Soon we will see why this result is so powerful.
Market pays no risk premium for bearing idiosyncratic risk.
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Summary & Further Reading

For Further Reading

1 Peter Bernstein, “Capital Ideas: The Improbable Origins of Modern
Wall Street”, 1992, Chapter 2.

I About Harry Markowitz, the Nobel Prize, etc.
I I was struck with the notion that you should be interested in risk as

well as return.

2 Elton, Edwin, and Gruber, Martin, “The Rationality of Asset
Allocation Recommendations”. The Journal of Financial and
Quantitative Analysis, 2000.

I Helps to better understand the efficient set mathematics.
I The recommendations on asset allocation presented by the investment

advisors are consistent with modern portfolio theory.
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Summary & Further Reading

For Further Reading (cont.)
3 Solnik, Bruno, “Why Not Diversify Internationally Rather Than

Domestically?”, Financial Analysts Journal, 1974.
I Substantial advantages in risk reduction can be attained through

portfolio diversification in foreign securities.
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Formula Sheet

The composition of the minimum-variance portfolio

w = λ Σ−11+ γΣ−1
µ

λ =
C −µpB

∆
, γ =

µpA−B
∆

A = 1′Σ−11 > 0, B = 1′Σ−1
µ

C = µ
′Σ−1

µ > 0, ∆ = AC −B2 > 0

Relation between expected return and variance for the minimum variance
set

σ
2
p (µp) =

Aµ2
p −2Bµp +C

∆

The expected return, variance and composition of the global
minimum-variance portfolio

µg = B/A, σ
2
g = 1/A, wg =

Σ−11
1Σ−11
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Optimal Portfolios with no Riskless Asset
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Optimal Portfolios with no Riskless Asset Graphically

Graphically, optimal portfolios are such that the investor’s indifference
curves are tangent to the mean-variance efficient set:
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Figure 1: Optimal Portfolio with no Riskless Asset
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Optimal Portfolios with no Riskless Asset Optimal Portfolios

The Portfolio Choice Problem in the Mean-Variance Case

Consider a mean-variance investor with risk aversion a seeking to
determine his optimal portfolio. His problem is

max
w

(
w ′µ− a

2
w ′Σw

)
s.t. w ′1 = 1 (1)

Set up the Lagrangian

L = w ′µ− a
2
w ′Σw + λ

(
1−1′w

)
(2)

The first order condition is

∂L
∂w

= µ−aΣw −λ1 = 0 (3)
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Optimal Portfolios with no Riskless Asset Optimal Portfolios

The Portfolio Choice Problem in the Mean-Variance Case
(cont.)

This condition says that the marginal utility of investing in each asset
is the same and equals λ .

The investor’s optimal portfolio as a function of λ is therefore

w =
1
a

Σ−1 (µ−λ1) (4)

To obtain λ , use the constraint w ′1 = 1,

1
a
1′Σ−1 (µ−λ1) = 1 (5)

solving,

λ =
1′Σ−1µ−a

1′Σ−11
=

B−a
A

(6)
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Optimal Portfolios with no Riskless Asset Optimal Portfolios

The Portfolio Choice Problem in the Mean-Variance Case
(cont.)

Inserting the solution for λ in the equation for w yields the
composition of the investor’s optimal portfolio as a function of the
properties of the different assets and the investor’s risk aversion,

wo =
1
a

Σ−1 (µ−λ1) =
1−B/a

A
Σ−11+

1
a

Σ−1
µ (7)

The expected return and the variance of the optimal portfolio are

µo = µ
′wo =

1−B/a
A

B +
C
a

(8)

σ
2
o = w ′oΣwo =

1−B/a
A

+
µo

a
(9)
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Optimal Portfolios with no Riskless Asset Optimal Portfolios

Example
Consider an economy with 15 risky assets, and an investor with
mean-variance utility and a risk aversion coefficient of 8. Graphically, the
optimal portfolio is: [Matlab code to be shown in class]
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Optimal Portfolios with a Riskless Asset A New Minimum Variance Set

A New Efficient Frontier

Suppose now that in addition to the N risky assets, a riskless asset
with a rate of return of R is also available for investment.

Then, the constraint 1′w = 1 disappears, as any excess or shortage of
1′w compared to 1 can be offset by a riskless asset position. That is,
the investment in the riskless asset is just ω0 = 1−1′w , where positive
values denote lending and negative values borrowing (leverage).

Taking the riskless asset position into account, the overall expected
return on the portfolio is given by

µp = µ
′w +

(
1−1′w

)
R (10)

yielding the constraint

(µ−R1)′w = µp−R (11)

Asset Allocation II (Session 3) Investments Spring 2010 10 / 33



Optimal Portfolios with a Riskless Asset A New Minimum Variance Set

A New Efficient Frontier (cont.)

Therefore, the variance minimization problem with a riskless asset
reads

min
w

1
2
w ′Σw s.t. (µ−R1)′w = µp−R (12)

To solve this problem, set up the Lagrangian

L =
w ′Σw

2
+ γ

(
µp−R− (µ−R1)′w

)
(13)

The first order conditions are

∂L
∂w

= Σw − γ (µ−R1) = 0

∂L
∂γ

= µp−R− (µ−R1)′w = 0 (14)
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Optimal Portfolios with a Riskless Asset A New Minimum Variance Set

A New Efficient Frontier (cont.)

yielding the set of minimum variance portfolios

w = γΣ−1 (µ−R1) , ω0 = 1−1′w (15)

In order to determine γ , use the constraint (µ−R1)′w = µp−R :

(µ−R1)′w = γ (µ−R1)′Σ−1 (µ−R1) = µp−R (16)

yielding

γ =
µp−R

(µ−R1)′Σ−1 (µ−R1)
=

µp−R
C −2RB +R2A

(17)

with A, B, and C defined as before.
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Optimal Portfolios with a Riskless Asset A New Minimum Variance Set

A New Efficient Frontier (cont.)

The relationship between the expected return and variance of the
minimum-variance portfolios when there is a riskless asset is given by:

σ
2
p (µp) = w ′Σw = γ (µp−R) =

(µp−R)2

C −2RB +R2A
(18)

In standard deviation space, the minimum variance set is a pair of rays
with intercepts R and slopes ±

√
C −2RB +R2A:
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Optimal Portfolios with a Riskless Asset A New Minimum Variance Set

A New Efficient Frontier (cont.)
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Figure 2: Minimum variance set with a riskless asset
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Optimal Portfolios with a Riskless Asset The Tangency Portfolio

Two Distinct Portfolios

All minimum-variance portfolios are combinations of only two distinct
portfolios (“mutual funds”).

Any two minimum-variance portfolios will span the set of all
minimum-variance portfolios.

Thus, a natural choice of portfolios is:
1 The riskless asset, wR = 0, ω0R = 1, and
2 The tangency portfolio

wt =
Σ−1 (µ−R1)

B−AR
, ω0t = 0 (19)

Let us consider the properties of the tangency portfolio. Note first
that since ω0t = 0, the tangency portfolio is a member of the original
risky-asset-only minimum-variance set.
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Optimal Portfolios with a Riskless Asset The Tangency Portfolio

Two Distinct Portfolios (cont.)

Its expected return is given by

µt = µ
′wt =

C −BR
B−AR

(20)

Its variance is given by

σ
2
t = w ′tΣwt =

C −2RB +R2A
(B−AR)2 (21)

Whenever R < µg = B/A, tangency is on the upper limb of the
hyperbola, and µt > µg [proof in class].

Asset Allocation II (Session 3) Investments Spring 2010 16 / 33



Optimal Portfolios with a Riskless Asset The Optimal Portfolio

A New Optimal Portfolio

Consider a mean-variance investor with risk aversion a seeking to
determine his optimal portfolio.

Recall that with a riskless asset, the portfolio’s expected return is
given by

µp = R +w ′ (µ−R1) (22)

The expression for the variance is unchanged and reads

σ
2
p = w ′Σw (23)

Hence, the investor’s problem is

max
w

(
µp−

a
2

σ
2
p

)
= max

w

(
R +w ′ (µ−R1)− a

2
w ′Σw

)
(24)
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Optimal Portfolios with a Riskless Asset The Optimal Portfolio

A New Optimal Portfolio (cont.)

The first-order condition is

µ−R1 = aΣw (25)

yielding the optimal portfolio

w =
1
a

Σ−1 (µ−R1) (26)

Observe that this portfolio is proportional to the tangency portfolio

wt =
Σ−1 (µ−R1)

B−AR
, ω0t = 0 (27)
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Optimal Portfolios with a Riskless Asset The Optimal Portfolio

Graphically

Graphically, the optimal portfolio is shown below:
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Figure 3: Optimal portfolio with a riskless asset
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Optimal Portfolios with a Riskless Asset The Separation Result

The Capital Market Line

Hence, under homogeneous beliefs and mean-variance preferences, the
following “separation” result holds

I The optimal risky portfolio is identical for all investors, it is the
tangency portfolio.

I All investors hold a combination of the risk-free asset and the tangency
portfolio, independently of preferences.

I Individual preferences only determines the share of those two portfolios
in the investor’s overall investment. Investors with low risk-aversion
make levered purchases of the tangency portfolio, investors with high
risk-aversion invest part of their money in the risk-free asset, part in
the tangency portfolio.

The line that goes through the riskless asset and the tangency
portfolio is the mean-variance efficient set and is called the Capital
Market Line (CML).
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Optimal Portfolios with a Riskless Asset The Separation Result

The Capital Market Line (cont.)
It gives the risk-return tradeoff available on the market. There is no
better risk-return tradeoff than the one offered by the Capital Market
Line.

As a result, the portfolio selection process for all investors can be seen
as consisting of two stages:

1 Selection of the optimal risky portfolio (the tangency portfolio), and
2 Based on individual risk tolerance, choice of the optimal combination

between the riskless asset and the investment in the tangency portfolio.

An interpretation of the tangency portfolio in terms of the risk
aversion is instructive:

I Suppose we have i = 1, ...I investors and that investor i ’s risk aversion
is ai . Investor i ’s optimal portfolio is therefore

wi =
1
ai

Σ−1 (µ−R1) (28)
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Optimal Portfolios with a Riskless Asset The Separation Result

The Capital Market Line (cont.)

I The tangency portfolio is given by

wt =
Σ−1 (µ−R1)

B−AR
, ω0t = 0 (29)

I Hence, we can view B−AR as the “market’s” risk aversion, aM . Then,
using Σ−1 (µ−R1) = (B−AR)wt = aMwt implies

wi = wt
B−AR

ai
= wt

aM

ai
(30)
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Examples

Examples
[Matlab codes for these examples will be shown in class]

Take the previous example with 15 risky assets and add the risk-free
asset with R = 0.05. The graph below shows the investor’s utility gain:
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Examples

Examples (cont.)
Let’s go back to the case without the risk-free asset, and assume that
short sales are not allowed. We are forced to solve numerically for the
new optimal portfolio. The solution is:
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Examples

Examples (cont.)

Two more examples

on the importance of correctly estimating expected return,

on time diversification.
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Summary & Further Reading

Summary

The Markowitz Portfolio Selection Model
1 The first step is to determine the risk-return opportunities available to

the investor, summarized by the minimum-variance frontier. The part
of the frontier that lies above the global minimum-variance portfolio is
the efficient frontier.

2 The point of tangency between the efficient frontier and the Capital
Market Line is the optimal risky portfolio, identical for all investors.

3 All investors hold a combination of the risk-free asset and the
tangency portfolio, independently of preferences.

4 The mix of risky investments and risk-free investment vary with the
degree of risk aversion of the investor
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Summary & Further Reading

For Further Reading

1 Black, Fischer, “Estimating Expected Return”. Financial Analysts
Journal, 1993.

I Estimating expected return is hard. Past average return is normally a
highly innacurate estimate. Moreover, in finance we are interested in
"ex ante" i.e., the future not "ex post" the past. The article outlines
the problems of using theory or data to estimate expected return.

2 Brinson et al., “Determinants of Portfolio Performance”, Financial
Analysts Journal, 1986.

I Much time is spent evaluationg individual portfolio managers or stocks
- Is it worth it?

I Brinson et al. measured the importance of asset allocation. Conclusion:
in typical cases, variability in portfolio performance is driven by the
asset allocation.

I Similar conclusions in Ibbotson and Kaplan (2000).
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Summary & Further Reading

For Further Reading (cont.)

3 Peter Bernstein, “Capital Ideas: The Improbable Origins of Modern
Wall Street”, 1992, Chapter 3.

I About James Tobin and the logic of the Separation Theorem.
I The convenient fact that has just been proved is that the proportionate

composition of the non-cash [i.e., risky] assets is independent of their
aggregate share of the investment balance.
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Formula Sheet

Optimal portfolios with no riskless assets

wo =
1−B/a

A
Σ−11+

1
a

Σ−1
µ (31)

µo =
1−B/a

A
B +

C
a

(32)

σ
2
o =

1−B/a
A

+
µo

a
(33)

The new efficient set with a riskless asset

w = γΣ−1 (µ−R1) , ω0 = 1−1′w (34)

γ =
µp−R

C −2RB +R2A
(35)

σ
2
p (µp) =

(µp−R)2

C −2RB +R2A
(36)
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Formula Sheet

The tangency portfolio

wt =
Σ−1 (µ−R1)

B−AR
, ω0t = 0 (37)

µt =
C −BR
B−AR

(38)

σ
2
t =

C −2RB +R2A
(B−AR)2 (39)

Optimal portfolios with a riskless asset

wo =
1
a

Σ−1 (µ−R1) (40)
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Introduction & Derivation Introduction

Previous Results

We have seen that the Capital Market Line (the line that goes through
the riskless asset and the tangency portfolio) gives the best risk-return
tradeoff available to investors in a mean-variance world.
As a result, all investors’ optimal portfolio consisted in a combination
of the riskless asset and the tangency portfolio. We know now that
portfolio choice could be made in two steps:

1 Selection of the optimal risky portfolio (the tangency portfolio).
2 Based on individual risk tolerance, choice of the optimal combination

between the riskless asset and the investment in the tangency portfolio.

The question we whish to answer now is: what does this “separation”
imply for capital asset prices in equilibrium?
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Introduction & Derivation Introduction

A Nobel Prize idea: William Sharpe
Sharpe was the first to answer this question and developed the capital
asset pricing model. He shared the 1990 Nobel Prize in economics
with Harry Markowitz.
“I said what if everyone was optimizing? They’ve all got their copies of
Markowitz and they’re doing what he says. Then some people decide
they want to hold more IBM, but there aren’t enough shares to satisfy
demand. So they put price pressure on IBM and up it goes, at which
point they have to change their estimates of risk and return, because
now they’re paying more for the stock. That process of upward and
downward pressure on prices continues until prices reach an
equilibrium and everyone collectively wants to hold what’s available.
At that point, what can you say about the relationship between risk
and return? The answer is that expected return is proportionate to
beta relative to the market.”
Source: J. Burton (1998), “Revisiting the CAPM”, Dow Jones Asset
Manager, 1998.
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Introduction & Derivation Intuitive Derivation

In a mean-variance world, all investors optimally hold a combination of
the riskless asset and of the tangency portfolio.

Suppose an investor chooses to hold another combination (i.e., to bear
idiosyncratic risk). Will he earn a higher return?

Just looking at the graph, we can see that the answer is no.The
market pays no risk premium for being inside the frontier.
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Introduction & Derivation Intuitive Derivation

Using the CML, the expected return on any efficient portfolio we (the
ones on the CML) is given by

µe = R +
µt −R

σt
σe (1)

The first term (R) is compensation for the time value of money, the
second term µt−R

σt
σe is compensation for risk.

This second term is the product of the market price of risk,

λ =
µt −R

σt
(2)

and of the amount of risk borne by the investor, σe . The market price
of risk λ tells us how much the market compensates investors for each
unit of risk. The risk premium µt−R

σt
σe is therefore linear in the

amount of systematic risk borne by the investor.
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Introduction & Derivation Intuitive Derivation

Now, recall that as claimed earlier, only systematic risk is is
compensated. Bearing idiosyncratic risk does not entitle to a risk
premium.
Consider an asset or portfolio with total risk σj . Letting ρjt denote the
correlation of its returns with the tangency portfolio, the risk σj can
be composed into

1 systematic risk ρjtσj and
2 idiosyncratic risk

√
1−ρ2

jtσj .

Therefore, using the market price for risk λ , the risk premium on the
asset must be

µj −R = λρjtσj =
µt −R

σt
ρjtσj = (µt −R)ρjt

σj

σt

= (µt −R)
Cov

(
R̃j ,R̃t

)
Var

(
R̃t

) (3)
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Introduction & Derivation Formal Derivation

The CAPM relationship

In this section we will derive the CAPM more rigorously. To begin
with, make the following assumptions:

1 Individual investors cannot affect prices. That is, there are many buyers
and sellers (perfect competition).

2 All investors plan for one identical holding period and they are
mean-variance optimizers. That is, they choose the portfolio wi that
maximizes µ− ai

2 σ2, where ai denotes investor i ’s degree of risk
aversion (any other mean-variance preferences would work as well).

3 There is a riskless asset with return R and N risky assets with expected
return µ and variance-covariance matrix Σ.

4 Investors pay neither taxes on returns nor transactions costs.
5 Each asset is perfectly divisible.
6 The riskless asset can be bought or sold in unlimited amounts.
7 All investors have homogenous expectations about µ and Σ.
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Introduction & Derivation Formal Derivation

The CAPM relationship (cont.)

Under these assumption, each investor’s portfolio is the solution to

max
wi

(
R +w ′i (µ−R1)− ai

2
w ′i Σwi

)
(4)

which yields the first-order condition (this becomes standard by now)

µ−R1 = aiΣwi (5)

and the optimal portfolio

wi =
1
ai

Σ−1 (µ−R1) (6)
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Introduction & Derivation Formal Derivation

The CAPM relationship (cont.)

Now, sum over all investors, weighting each investor by his relative
wealth Wi

∑
I
i=1 Wi

= Wi
W to get

I

∑
i=1

(
Wi

W
wi

)
=

I

∑
i=1

(
Wi

W
1
ai

)
Σ−1 (µ−R1) (7)

Since the riskless asset is in zero net supply, the left hand side of this
expression must be the tangency portfolio, or the market portfolio.
Therefore, we can write

wt = wM =
I

∑
i=1

(
Wi

W
1
ai

)
Σ−1 (µ−R1) (8)
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Introduction & Derivation Formal Derivation

The CAPM relationship (cont.)

or, solving for µ−R1,

µ−R1 =
1

∑
I
i=1

(
Wi
W

1
ai

)ΣwM (9)

The problem we face here is that we do not know ∑
I
i=1

(
Wi
W

1
ai

)
. To

find it, pre-multiply the above expression by w ′M to get

w ′M (µ−R1) =
1

∑
I
i=1

(
Wi
W

1
ai

)w ′MΣwM (10)
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Introduction & Derivation Formal Derivation

The CAPM relationship (cont.)

Using w ′M1 = 1, rewrite this expression as

µM −R =
1

∑
I
i=1

(
Wi
W

1
ai

)σ
2
M (11)

to get
1

∑
I
i=1

(
Wi
W

1
ai

) =
µM −R

σ2
M

(12)
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Introduction & Derivation Formal Derivation

The CAPM relationship (cont.)

Then, substitute into µ−R1 = 1
∑

I
i=1

(
Wi
W

1
ai

)ΣwM to obtain

µ−R1 =
µM −R

σ2
M

ΣwM (13)

Finally, note that ΣwM = Cov
(
R̃, R̃M

)
and write the CAPM

relationship as

µ−R1 =
Cov

(
R̃, R̃M

)
Var

(
R̃M

) (µM −R) (14)
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Interpretation From the CML to the SML

Interpretation

The CAPM relationship says that the equilibrium risk premium on any
asset j , µj −R , equals

µj −R = βj (µM −R) , βj =
Cov

(
R̃j , R̃M

)
Var

(
R̃M

) = ρjM
σj

σM
(15)

Thus, the market only compensates investors for bearing systematic
(i.e., market) risk, not idiosyncratic risk. There is a single source of
systematic risk: covariance with the market portfolio. The expected
return on an asset with returns uncorrelated with those of the market
portfolio is R , even if the asset is risky.
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Interpretation From the CML to the SML

Interpretation (cont.)

The relationship between the expected return on an asset and its β is
linear.

The risk premium on an asset is proportional to the excess return on
the market portfolio, µM −R .

What the CAPM achieves is to move from the capital market line
(CML) to the security market line (SML):

µj = R + βj (µM −R) (16)

In equilibrium, all assets plot on the security market line.
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Interpretation From the CML to the SML

Interpretation (cont.)

The CML versus the SML.
I The CML graphs the risk premiums of efficient portfolios (complete

portfolios of risky securities and the risk-free asset) as a function of
portfolio standard deviation.

I The SML graphs the risk premium of individual assets, thus measuring
the risk contribution that an asset would make to the standard
deviation of a portfolio. This contribution is measured by the asset’s
beta.

I “Fairly priced” assets lie on the SML; alpha measures the distance
between the fair and the actually expected return on the asset. Assets
plotting below the SML are overpriced; those plotting above the SML
are underpriced.
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Interpretation From the CML to the SML

Beta and expected returns

Why should a positive dependence between β and the expected return
on an asset arise?
Consider an asset with a high β . It is procyclical: whenever the
market does well, it tends to do very well. But if the market does well,
then overall wealth is high, and the marginal utility of consumption is
low. In a sense, this asset pays off a lot when money is least valuable,
and very little when money is very valuable. Therefore its price will be
low and its expected return high.
On the other hand, an asset with negative β is anticyclical: it pays off
a lot when aggregate wealth is low (and money very valuable), and
little when overall wealth is high (and money less valuable). As a
result, its price will be high, and expected return low (an example of
such an asset is gold, which has a correlation of -0.4 with stocks).
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Nonstandard Forms Relaxing Assumptions

Extensions of the CAPM

In the above analysis, we made a number of restrictive assumptions,
such as

1 No short-selling constraints,
2 Existence of a riskless asset allowing unlimited lending and borrowing

at the same rate,
3 No taxes,
4 All assets can be marketed,
5 Heterogeneous expectations,
6 Non-price-taking behavior,
7 Single investment period.

We will now consider how robust the CAPM equation is to relaxation
of these assumptions. Only short-selling constraints and the no riskless
asset case will be discussed here.
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Nonstandard Forms Relaxing Assumptions

Short-Selling Constraints

What is the effect of short-selling constraints on equilibrum asset
prices?
Recall that in the CAPM, all investors hold the market portfolio in
equilibrium. Therefore, in equilibrium, no investor sells any security
short.
As a result, the short-selling constraints is non-binding and equilibrium
prices are unaffected by it. The standard version of the CAPM holds
here as well.
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Nonstandard Forms Relaxing Assumptions

The Zero-Beta CAPM

When investors can no longer borrow or lend at a common risk-free
rate, they may choose risky portfolios from the entire set of efficient
frontier portfolios, according to how much risk they choose to bear.

An equilibrium expected return-beta relationship in the case of
restricted risk-free investments has been developed by Fischer Black.
The model is based on the three following properties of mean-variance
efficient portfolios:

1 any portfolio constructed by combining efficient portfolios is on the
efficient frontier.

2 every portfolio on the efficient frontier has a “companion” portfolio on
the inefficient portion of the minimum-variance frontier with which it is
uncorrelated.

3 the expected return of any asset can be expressed as an exact, linear
function of the expected return on any two frontier portfolios.
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Nonstandard Forms Relaxing Assumptions

The Zero-Beta CAPM (cont.)
We assume that the risky assets can be sold short. The result we
derive below also obtains if we allow lending and borrowing, but at
different rates.
If there is no riskless asset, each investor solves

max
wi

(
w ′i µ− ai

2
w ′i Σwi

)
s.t. w ′i 1 = 1 (17)

yielding the first-order condition µ−aiΣwi −λ1 = 0 and the optimal
portfolio

wi =
1
ai

Σ−1 (µ−λ1) = biwd + (1−bi )wg (18)

with wd = Σ−1µ

1′Σ−1µ
and wg = Σ−11

1′Σ−11 from the two-fund separation result.

Since all investors’ portfolios are a combination of portfolios wg and
wd , the market portfolio will be such a combination as well, i.e. we
have wM = bMwd + (1−bM)wg .
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Nonstandard Forms Relaxing Assumptions

The Zero-Beta CAPM (cont.)

Given this, note that

Cov
(
R̃, R̃M

)
= ΣwM = Σ[bMwd + (1−bM)wg ]

= bM
ΣΣ−1µ

1′Σ−1µ
+ (1−bM)

ΣΣ−11
1′Σ−11

=
bM

B
µ +

1−bM

A
1 (19)

Solving for µ implies the expected returns relation

µ =
B
bM

(
ΣwM −

1−bM

A
1
)

=
B
bM

(
Cov

(
R̃, R̃M

)
− 1−bM

A
1
)

(20)

As in the CAPM case, our problem is to determine unknown quantities
from market data (here bM/B and (1−bM)/A).
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Nonstandard Forms Relaxing Assumptions

The Zero-Beta CAPM (cont.)
Using the above relationship, for the market portfolio, we have

σ
2
M = w ′MΣwM =

bM

B
w ′M µ +

1−bM

A
w ′M1 =

bM

B
µM +

1−bM

A
(21)

Now, take another minimum-variance portfolio wz that is uncorrelated
with the market portfolio. This yields

σzM =
bM

B
µz +

1−bM

A
= 0 (22)

Solving these two equations, we have

bM

B
=

σ2
M

µM −µz
(23)

and
1−bM

A
=−bM

B
µz =−

µzσ2
M

µM −µz
(24)
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Nonstandard Forms Relaxing Assumptions

The Zero-Beta CAPM (cont.)
Inserting this into the expected returns relation
µ = B

bM

(
ΣwM − 1−bM

A 1
)
yields

µ =
µM −µz

σ2
M

(
ΣwM +

µzσ2
M

µM −µz
1
)

= µz1+ (µM −µz)
ΣwM

σ2
M

= µz1+
Cov

(
R̃, R̃M

)
σ2

M
= µz1+ β (µM −µz) (25)

This result is known as the zero-beta CAPM (or the Black CAPM or
two-factor model). When there is no riskless asset, R is replaced with
µz in the pricing equations, where µz is the expected return on a
portfolio that is uncorrelated with the market portfolio.
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Nonstandard Forms Relaxing Assumptions

The Zero-Beta CAPM (cont.)
Note the difference between the usual CAPM and the zero-beta
CAPM:

I In the standard CAPM, all investors hold the market portfolio and
therefore short sale restrictions are not binding.

I In the zero-beta CAPM, investors may want to hold any portfolio on
the mean-variance efficient set (the upper limb of the hyperbola). For
these combinations to be attainable, short-selling of risky assets must
be allowed.

One can show that the expected return of the zero-beta portfolio is
lower than the expected return of the global minimum-variance
portfolio wg , as follows.
Recall that any minimum-variance portfolio can be formed as the
combination of the market portfolio and the zero-beta portfolio. Since
the two are uncorrelated,

σ
2
g = ω

2
z σ

2
z + (1−ωz)2

σ
2
M (26)
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Nonstandard Forms Relaxing Assumptions

The Zero-Beta CAPM (cont.)

Minimizing this expression with respect to ωz yields the first-order
condition

dσ2
g

dωz
= 2ωzσ

2
z −2(1−ωz)σ

2
M = 0 (27)

or, since both variances are positive,

0 < ωz =
σ2

M
σ2

M + σ2
z

< 1 (28)

Therefore , the expected return on the global minimum variance
portfolio,

µg = ωz µz + (1−ωz) µM (29)

will lie between that on the market portfolio and that on the zero-beta
portfolio, implying that the latter is on the lower limb of the hyperbola.
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Limitations

Shortcomings of CAPM

The model assumes just two dates. In reality, people make multiperiod
decisions, so they should have the opportunity to consume and
rebalance portfolios repeatedly over time. For such extensions, see the
intertemporal CAPM (ICAPM) of Robert Merton, and the
consumption CAPM (CCAPM) of Douglas Breeden and Mark
Rubinstein.

Individuals have imperfect information and heterogeneous
expectations.

The specification of the market portfolio is difficult. In theory, the
market portfolio should include all types of assets that are held by
anyone - including works of art, real estate, human capital, etc. (Roll’s
critique). This brings a severe limitation with respect to empirical
testing.
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Limitations

Shortcomings of CAPM (cont.)

The model assumes that there are no taxes or transaction costs.

Investors could have biased expectations. They can be, for example,
overconfident. Also, some investors, like casino gamblers, will accept
lower returns for higher risk.

The model assumes that asset returns are jointly normally distributed.

The model assumes that the variance of returns is an adequate
measurement of risk.
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Summary & Further Reading

Summary

In equilibrium, the tangency portfolio becomes the market portfolio.
The expected return of the market portfolio depends on the average
risk aversion in the market.
The intuition of the CAPM: expected return of any risky asset
depends linearly on its exposure to the market risk, measured by β .
Diversification is an important concept in finance. It builds on a
powerful mathematical machine called Strong Law of Large Numbers.
Beyond the CAPM:

I Is β a good measure of risk exposure? What about the risk associated
with negative skewness?

I Could there be other risk factors?
I Time varying risk aversion, and time varying β?
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Summary & Further Reading

For Further Reading

1 Jagannathan and McGrattan, The CAPM Debate, 1995
I a nice review of studies that support or challenge the CAPM.

2 Bernstein, Peter, Capital Ideas: The Improbable Origins of Modern
Wall Street, 1992, Chapter 4.

I about William Sharpe and his enormous single influence (he did
however his work under the supervision of Harry Markowitz).

3 Burton, Jonathan, Revisiting the CAPM, 1998.
I an eye-opening interview with William Sharpe.
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Formula Sheet

The Capital Market Line

µe = R +
µt −R

σt
σe (30)

The Security Market Line (CAPM relationship):

µj −R = βj (µM −R) , βj =
Cov

(
R̃j , R̃M

)
Var

(
R̃M

) = ρjM
σj

σM
(31)

The Zero-Beta CAPM

µ = µz1+ β (µM −µz) (32)
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Intro & Assumptions Introduction

Novel Feature

Arbitrage pricing theory is a new and different approach to
determining asset prices. It is based on the law of one price: two items
that are the same can’t sell at different prices.
The CAPM predicts than only one type of nondiversifiable risk
influences expected security returns: market risk i.e. covariance with
the market portfolio.
On the other hand, the APT accepts a variety of different risk sources,
such as the business cycle, interest rates and inflation.
Like the CAPM, the APT distinguishes between idiosyncratic and
systematic sources of risk. However, in the APT there are several
sources of systematic risk. The expected return on an asset is driven
by its exposure to the different sources of systematic risk.
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Intro & Assumptions Assumptions

The APT requires that te returns on any stock be linearly related to a
set of indices (or factors) as shown below:

Rj = aj +bj1I1 +bj2I2 + ...+bjK IK + εj (1)

where
I aj = the expected level of return for stock j if all indices have a value

of zero
I Ik = the value of the kth index that impacts the return on stock j
I bjk = the sensitivity of stock j ’s return to the kth index
I εj = a random error term with mean zero and variance equal to σ2

εj .

Some assumptions are required to fully describe the process-generating
security returns:

E [εiεj ] = 0, for all i and jwhere i 6= j
E
[
ej
(
Ik − Īk

)]
= 0, for all stocks and indices

with Īk = E [Ik ].
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Intro & Assumptions Assumptions

Taking the expected value of equation (1) and substracting it from
equation (1), we have

Rj −µj = bj1f1 + ...+bjK fK + εj (2)

where fk = Ik − Īk . The difference between the realized return and the
expected return for any asset is

1 the sum, over all risk factors k , of the asset’s risk exposure (bjk) to
that factor, multiplied by the realization for that risk factor, fk ,

2 plus an asset-specific idiosyncratic error term, εj .

Note that the risk factors themselves may be correlated, as may the
asset-specific shocks for different assets.

To derive the APT, one postulates that pure arbitrage profits are
impossible.
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Intro & Assumptions Assumptions

The Notion of Arbitrage

The principal strength of the APT approach is that it is based on the
no arbitrage condition.
Intuitively, arbitrage means “there is no such thing as a free lunch”.
Two assets with identical attributes should sell for the same price, and
so should an identical asset trading in two different markets (Law of
one Price).
Arbitrage is a common feature of competitive markets. Even tourists
ignorants of the theory of finance can turn into arbitrageurs (exchange
rate example).
Arbitrage has been elevated to the level of a driving force by
Modigliani and Miller in 1958. They used the arbitrage argument to
prove that the value of a firm as a whole is independent of its capital
structure (MM theorems).
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Derivation & Interpretation Derivation

To derive the APT equilibrium pricing relationship, one constructs a
portfolio w with the following properties:

w ′1 =
N

∑
n=1

ωn = 0 (3)

w ′bk =
N

∑
n=1

ωnbnk = 0 ∀k (4)

w ′ε =
N

∑
n=1

ωnεn ≈ 0 (5)

These conditions can be met if there is a sufficient number of
securities available on the market.
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Derivation & Interpretation Derivation

Since the portfolio has zero initial cost and a risk of zero, it must have
an expected return of zero, i.e. we must have

w ′µ =
N

∑
n=1

ωnµn = 0 (6)

In other words: if w is orthogonal to a vector of ones (the first
condition) and orthogonal to K vectors of bk ’s, then it is also
orthogonal to the vector of expected returns, µ .

There is a theorem in linear algebra that states the following: if the
fact that a vector is orthogonal to M−1 vectors implies that it is also
orthogonal to the Mth vector, then the Mth vector can be expressed
as a linear combination of the M−1 vectors.
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Derivation & Interpretation Derivation

Here is some intuition for why this result holds. Write µ as some linear
combination of 1 and the bk ’s, plus an error term d (which will be
nonzero if µ cannot be written as a linear combination of the vectors),

µ = P01+
K

∑
k=1

Pkbk +d (7)

Then,

w ′µ = P0w ′1+
K

∑
k=1

Pkw ′bk +w ′d = w ′d (8)

Note that none of the restrictions on w imposed by the constraints
that w ′1 = 0 and w ′bk = 0 allow us to say anything about the
remaining term w ′d . Therefore, the only way to ensure that w ′d = 0
so that w ′µ = 0 is to set d = 0, which says that µ can indeed be
written as a linear combination of 1 and the bk ’s.
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Derivation & Interpretation Derivation

We have just shown that for there to be no arbitrage, one must be
able to write µ as a linear combination of 1 and the K vectors bk ,

µ = P01+
K

∑
k=1

Pkbk (9)

This is the main APT theorem: under the above assumptions, there
exist K +1 numbers P0,P1, ...,PK , not all zero, such that the
expected return on asset j is approximately equal to

µj ≈ P0 +bj1P1 + ...+bjKPK (10)

Under the additional assumptions that (i) there exists a portfolio with
no nonsystematic risk and that (ii) some investor considers it his
optimal portfolio, one can show that the above equation holds with
equality (Chen and Ingersoll, JF 1983),

µj = P0 +bj1P1 + ...+bjKPK (11)
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Derivation & Interpretation Derivation

Pk is the price of risk (the risk premim) for the kth risk factor, and
determines the risk-return tradeoff.

Consider a portfolio p that is perfectly diversified (εp = 0) and with no
factor exposures

(
bpk = 0, ∀k

)
. Such portfolio has zero risk, and its

expected return is P0. Therefore, P0 must equal the risk-free rate of
return R .

Similarly, the risk premium for the kth risk factor, Pk , is the return, in
excess of the risk-free rate, earned on an asset that has an exposure of
bjk = 1 to the kth factor and zero risk exposure to all other factors(
bjh = 0, ∀h 6= k

)
:

Pk = µF ,k −R (12)

Thus Pk are returns for bearing the risks associated with the indices
Ik , or factor risk premiums.
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Derivation & Interpretation Derivation

Substituting the expected return relationship (11) into the multi-factor
model specification (2) yields

Rj −µj = Rj − (P0 +bj1P1 + ...+bjKPK )

= bj1f1 + ...+bjK fK + εj (13)

which, using P0 = R , can be rewritten to yield the full APT equation

Rj −R = bj1 (P1 + f1) + ...+bjK (PK + fK ) + εj (14)

This says that the realized return on an asset in excess of the risk-free
rate is the sum of 3 components

1 expected macroeconomic factor return (the P’s), i.e. the reward for the
risks taken,

2 unexpected macroeconomic factor return (the f ’s), and
3 an idiosyncratic component (ε).
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Derivation & Interpretation Interpretation

Interpretation: Several Risk Factors

Taking expectations on the full APT equation yields

µj −R = bj1P1 + ...+bjKPK (15)

which says that the expected excess return on an asset is the sum over
all factors k of the product of the factor’s risk premium Pk and of the
asset’s risk exposure to that factor bjk .
As the exposure of a portfolio to a particular factor k is increased, the
expected return on the portfolio is increased if Pk > 0.
Note that the big difference between the CAPM and the APT is that
the CAPM postulates that the risk premium on an asset depends on a
single factor: covariance with the market portfolio. In the APT, on the
other hand, several factors may drive expected returns (but the APT
does not say what they are).
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CAPM versus APT CAPM versus APT

Equivalence

We should discuss the fact that the APT model and, in fact, the
existence of a multifactor model, is not necessarily inconsistent with
the CAPM.

The APT equation is

µj = R +
K

∑
k=1

bjkPk (16)

Recall that if the CAPM is the equilibrium model, it holds for all
securities, as well as all portfolios of securities. We have seen that Pk
is the excess return on a portfolio with a bjk of one on one index and
bjk of zero on all other indices, thus the indices can be represented by
portfolios of securities.

If the CAPM holds, the equilibrium return on each Pk is given by

Pk = µF ,k −R = βF ,k (µM −R) , ∀k (17)
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CAPM versus APT CAPM versus APT

Equivalence (cont.)

Substituting into equation (16) yields

µj −R = (µM −R)

(
K

∑
k=1

bjkβF ,k

)
(18)

Defining βj as ∑
K
k=1 bjkβF ,k results in the expected return of security j

being priced by the CAPM

µj = R + βj (µM −R) (19)

The APT solution with multiple factors appropriately priced is fully
consistent with the CAPM. Conversely, if the APT is true and the K
restrictions on the Pk ’s hold, then the CAPM is also true.

APT (Session 5) Investments Spring 2010 18 / 36



CAPM versus APT CAPM versus APT

Equivalence (cont.)

This result is important for empirical testing: employing statistical
techniques to estimate the Pk ’s and finding that more than one
coefficient is significantly different from zero is not sufficient proof to
reject any CAPM. If the Pk ’s are not significantly different form
βF ,k (µM −R), the empirical results could be fully consistent with the
CAPM.

Thus, it is perfectly possible that more than one index explains the
covariance between security returns but that the CAPM holds.

However, in empirical tests, the restrictions on APT coefficients
imposed by the CAPM are rejected.
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Using APT in Practice Several Approaches

The proof of any economic theory is how well it describes reality. Let
us review the structure of APT that will enter any test procedure.

We can write the multifactor return-generating process as

Rj = aj +
K

∑
k=1

bjk Ik + εj (20)

The APT model that arises from this return-generating process can be
written as

µj = R +
K

∑
k=1

bjkPk (21)

Notice from equation (20) that each security j has a unique sensitivity
to each Ik but that any Ik has a value that is the same for all
securities. Any Ik affects more than one security (if it did not, it would
have been compounded in the residual term εj).
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Using APT in Practice Several Approaches

These Ik ’s have generally been given the name factors in the APT
literature. The factors affect the returns of more than one security and
are the sources of covariance between securities.

The bjk ’s are unique to each security and represent attributes or a
characteristics of the security.

Finally, from equation (21) we see that Pk is the extra expected return
required because of a security’s sensitivity to the kth attribute.

Recall that the APT does not say what the K factors are. Therefore,
in order to test the APT, one must test equation (21), which means
that one must have estimates of the bjk ’s. However, to estimate the
bjk ’s we must have definitions of the relevant Ik ’s.
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Using APT in Practice Several Approaches

Three approaches can be used to estimate and test the APT:
1 The most general approach is to use statistical techniques and estimate

simultaneously factors (Ik ’s) and firm attributes (bjk ’s). The results
thus obtained have the drawback that the estimated factors are difficult
to interpret because they are non-unique linear combinations of more
fundamental underlying economic forces.

2 Specify a set of characteristics (bjk ’s) a priori. Then the values of the
Pk ’s would be estimated via regression analysis.

3 The drawback of the first two methods is that they use stock returns
to explain stock returns. A third approach would be to use economic
theory and knowledge of financial markets to specify K risk factors that
can be measured from available macroeconomic and financial data.
This is the preferred approach.
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Using APT in Practice An Example

In Practice

Let us take a look at the third approach. This part is following
Burmeister, Roll and Ross, (2003) “Using Macroeconomic Factors to
Control Portfolio Risk”. The factors should

I be easy to interpret,
I be robust over time, and
I explain as much as possible of the variation in stock returns.

Empirical research has established that one set of five factors meeting
these criteria is the following:
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Using APT in Practice An Example

In Practice (cont.)
Name Measure Risk Premium

Confidence Risk: Investors’
willingness to take risks

Rate of return on risky
corporate bonds minus rate of
return on government bonds
(positive values means
increased investor confidence)

P1 = 2.59%,

bj1 > 0

Time Horizon Risk: change in
investors’ desired time to
payouts

Return on 20-year government
bonds minus return on 30-day
Treasury bills (f2 > 0 when the
price of long-term bonds rises
relative to the t-bill price)

P2 =−0.66%,

bj2 > 0

Inflation Risk: unexpected inflation Inflation surprise: actual
inflation minus expected
inflation

P3 =−4.32%,

usually bj3 < 0

Business Cycle Risk:
unanticipated changes in real
business activity

Change in the index of business
activity (i.e. value in month
T +1 minus value in month T

P4 = 1.49%,

usually bj4 > 0

Market-Timing Risk Part of the S&P 500 total
return that is not explained by
the first four factors plus a
constant

P5 = 3.61%,

bJ5 > 0
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Using APT in Practice An Example

In Practice (cont.)

For any asset or portfolio, we therefore have

µj −R = 2.59bj1−0.66bj2−4.32bj3 +1.49bj4 +3.61bj5 (22)

This says that the risk premium on any asset or portfolio is the sum of
the product, over all K risk factors, of the asset’s exposure and of the
corresponding price of risk.

As an example, for the S&P 500, the exposures are b1 = 0.27,
b2 = 0.56, b3 =−0.37, b4 = 1.71, b5 = 1.

Therefore, using the factor risk premia, the expected excess return on
the S&P is

µM −R = 8.09% (23)

Computing the expected return on some assets or portfolios is only
one of the many uses of the APT. We now briefly discuss the others.
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Using APT in Practice Other Uses

Tilting & Other Strategies

Determining Risk Exposure: Using the APT, one can determine the
exposure of one’s portfolio to the different factors. Let w denote the
vector of portfolio weights and

B =

 b11 ... bN1
...
b1K ... bNK

 (24)

the (stacked) matrix of factor exposures of the N assets. Then, the
(column) vector of the portfolio’s factor exposures is given by

bp = B ·w (25)

The exposure of the portfolio to the kth factor is simply a weighted
average of the individual assets’ exposure to that factor.
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Using APT in Practice Other Uses

Tilting & Other Strategies (cont.)
Tilting (Making a Factor Bet): If you consider that you have superior
knowledge about the future evolution of some of the factors, you can
increase the exposure of your portfolio to the factors that are expected
to lead to improvements in returns and reduce the exposure to those
factors that are expected to lead to a deterioration in returns. To do
so, construct factor portfolios with an exposure of 1 to the kth factor
and 0 to all other factors. Let 1kdenote this target exposure pattern.
Then, the portfolio weights must solve

B ·wk = 1k (26)

If the number of assets is equal to the number of factors, then one has
wk = B−11k . If there are more assets than factors, then there will be
an inifinite number of factor portfolios solving B ·wk = 1k .

In order to find factor portfolios in this more general case, we can use
the following results from linear algebra:

APT (Session 5) Investments Spring 2010 28 / 36



Using APT in Practice Other Uses

Tilting & Other Strategies (cont.)

I An n×m matrix X is the pseudoinverse of an m×n matrix A if the
following four conditions hold: AXA = A, XAX = X , (AX )′ = AX , and
(XA)′ = XA. We will denote the pseudoinverse of a matrix A by A+.
The matlab command for the pseudoinverse is “pinv”.

I A necessary and sufficient condition for the vector equation Ax = b to
have a solution is that AA+b = b, in which case the general solution is

x = A+b+
(
I −A+A

)
q (27)

where q is an arbitrary vector (see, for example, Magnus and
Neudecker, Matrix Differential Calculs with Applications to Statistics
and Econometrics, Chapter 2, Theorem 12).

Hence, the set of factor portfolios for the kth factor is given by

wk = B+1k +
(
I −B+B

)
q (28)
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Using APT in Practice Other Uses

Tilting & Other Strategies (cont.)

Similarly, the set of portfolios with a factor exposure of bp is

w = B+bp +
(
I −B+B

)
q (29)

If one is looking for the portfolio that has minimum risk subject to
meeting the target factor exposure, one needs to solve

min
q

w ′Σw (30)

with w given by (29).

Long-Short Strategies: If one has stock selection skills but no
macroeconomic prediction skills, one can still use the APT, as follows:

1 buy stocks with high expected idiosyncratic return ε,
2 short stocks with negative expected idiosyncratic return.
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Using APT in Practice Other Uses

Tilting & Other Strategies (cont.)

If the long and the short portfolio are constructed so as to have
opposite exposures to each of the risk factors, the systematic risk will
be zero and expected return will lie above the risk-ree rate. The APT
helps ensure that the portfolios are appropriately constructed.

Return Attribution: After observing the returns on one’s portfolio, one
can determine their source:

1 expected macroeconomic factor return (the P’s), i.e. the reward for the
risks taken,

2 unexpected macroeconomic factor return (the f ’s), and
3 anything that remains (ε), which one can attribue to luck or to stock

selection.

APT (Session 5) Investments Spring 2010 31 / 36



Summary & Further Reading

Outline

I. Intro & Assumptions
Introduction
Assumptions

II. Derivation & Interpretation
Derivation
Interpretation

III. CAPM versus APT
CAPM versus APT

IV. Using APT in Practice
Several Approaches
An Example
Other Uses

V. Summary & Further Reading

APT (Session 5) Investments Spring 2010 32 / 36



Summary & Further Reading

Summary

Like the CAPM, the basic concept of the APT is that differences in
expected return must be driven by differences in non-diversifiable risk.

The APT is based purely on no-arbitrage condition. It is not an
equilibrium concept, and does not depend on having a market
portfolio.

Through the use of arbitrage, APT provides investors with strategies
for betting on their forecasts of the factors that shape stock returns.

The construction of APT enables it to avoid the rigid and often
unrealistic assumptions required by CAPM.

CAPM specifies where asset prices will settle, given investor
preferences, but it is silent about what produces the returns that
investors expect. It also identifies only one factor as the dominant
influence on stock returns.
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Summary & Further Reading

Summary (cont.)

APT fills those gaps by providing a method to measure how stock
prices will respond to changes in the multitude of economic factors
that influence them, such as economic growth, inflation , interest rate
patterns, etc.

The CAPM assumes an unobservable “market” portfolio. The APT is
based on the assumption of no arbitrage profits in well-diversified
portfolios.

The APT provides no guidance for identification of the various market
factors and appropriate risk premiums for these factors.
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Summary & Further Reading

For Further Reading

1 Roll and Ross, The Arbitrage Pricing Theory Approach to Strategic
Portfolio Planning, Financial Analysts Journal 1984.

I intuitive description of APT and a discussion ot its merits for portfolio
management.

2 Burmeister, Roll and Ross, Using Macroeconomic Factors to Control
Portfolio Risk, 2003.

I understanding the macroeconomic forces impacting stock returns.
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Summary & Further Reading

Formula Sheet

The multifactor return-generating process

Rj = aj +
K

∑
k=1

bjk Ik + εj (31)

The APT model that arises from this return-generating process

µj = R +
K

∑
k=1

bjkPk (32)
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Portfolio Strategies Buy & Hold

Buy-and-Hold Strategy

Characterized by an initial mix (e.g., 60/40 stocks/bills) that is
bought and then held.
No matter what happens to relative values, no rebalancing is required.
The portfolio’s value is linearly related to that of the stock market.
Portfolio value will never fall below the value of the initial investment
in bills.
Upside potential is unlimited.
[Diagram in class]
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Portfolio Strategies Constant Mix

Constant-Mix Strategies

Maintain an exposure to stocks that is a constant proportion of wealth.
Dynamic strategies: whenever the relative values of assets change,
purchases and sales are required to return to the desired mix.
Rebalancing to a constant mix requires the purchase of stocks as they
fall in value, and sale of stocks as they rise in value.
Concave payoff curve [Diagram in class].
Concave strategies will perform well when there are reversals in stock
returns.
[Example in class]
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Portfolio Strategies Constant-Proportion Portfolio Insurance

Constant-Proportion Strategies

Constant-proportion strategies take the following form

Dollars in stocks=m(Assets-Floor) (1)

where m is a fixed multiplier.
Three special cases:

1 If m > 1, the strategy is called the constant-proportion portfolio
insurance strategy (CPPI).

2 If m = 1, floor = value of bills, this strategy is the buy-and-hold
strategy.

3 If 0 < m < 1, floor = 0, the strategy is the constant-mix strategy.

Sell stocks as they fall and buy stocks as they rise.
In a bear market, the portfolio, will do as well as the floor. In a bull
market, the CPPI will do very well.
Convex payoff curve [Diagram in class].
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Portfolio Strategies Constant-Proportion Portfolio Insurance

Constant-Proportion Strategies (cont.)

In a flat market, a CPPI strategy will do relatively poorly, while
constant-mix strategies will perform well.

[Simulation example in class].
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Portfolio Strategies Option-Based Portfolio Insurance

OBPI

Start by secifying an investment horizon and a desired floor value at
that horizon.
The OBPI strategy consists of a set of rules designed to give the same
payoff at the horizon as would a portfolio composed of bills and call
options.
One instant prior to the horizon, OBPI involves investing entirely in
bills if the asset equals the floor, and entirely in stocks if the asset
exceed the floor.
With more than just one an instant to go before “expiration”, we use
option pricing formulas to find amounts invested in stocks and bills.
OBPI strategies are “sell stock as they fall...”. They must thus provide
convex payoff diagrams [Diagram and example in class].
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Portfolio Strategies Quantitative Market-Timing Models
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Other Practical Issues Constraints on Portfolios

Constraints

So far, we assumed that any optimal portfolio could be held.

In practice, this will not be the case. Examples:
I In many countries, short-selling is forbidden.
I For pension funds, there is an upper limit on the proportion that can be

invested in a given stock.

How can we incorporate these kind of constraints in our portfolio
analysis?

To make things as intuititve as possible, let us take our investor
seeking to maximize expected utility V

(
µp,σ

2
p
)

= µp− a
2σ2

p . Formally,
his problem is

max
w

w ′µ− a
2
w ′Σw s.t. w ′1 = 1,w ≥ wL,w ≤ wU (2)
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Other Practical Issues Constraints on Portfolios

Constraints (cont.)
To solve this problem, we rewrite the constrained problem as an
unconstrained one using the Lagrangian

L = w ′µ− a
2
w ′Σw + λ

(
1−w ′1

)
+ φ

′
L (w −wL) + φ

′
U (wU −w) (3)

This is the same as what we usually did, except that we have
incorporated the inequality constraints as well.
The Kuhn-Tucker optimality conditions are

∂L
∂w

= µ−aΣw −λ1+ φL−φU = 0

∂L
∂λ

= 1−w ′1 = 0

∂L
∂φL

= w −wL ≥ 0, φL ≥ 0, φ
′
L (w −wL) = 0

∂L
∂φU

= wU −w ≥ 0, φU ≥ 0, φ
′
U (wU −w) = 0 (4)
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Other Practical Issues Constraints on Portfolios

Constraints (cont.)
Thus, for assets for which the lower bound ωL is binding, φL > 0,
meaning that the marginal utility of this asset is less than λ , you
would want do reduce your holdings. Conversely, for assets for which
the upper bound ωU is binding, φU > 0 and marginal utility exceeds λ ,
you would like to increase your holdings.

There is a neat iterative procedure to solve this problem:
1 Start with a feasible allocation (one that satisfies all the constraints

and such that the sum of holdings is 1).
2 For this allocaiton w , compute marginal utility from increasing asset

holdings, µ−aΣw (we can ignore λ here).
3 Find the asset i with ωi > ωLi that has the lowest marginal utility and

the asset j with ωj < ωUi that has the highest marginal utility.
4 If the difference in marginal utility between the best and the worst

asset exceeds a certain level, increase the holding of asset j , decrease
that of asset i , compute the new portfolio w and goto step 2.
Otherwise, optimization is complete.
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Other Practical Issues Constraints on Portfolios

Constraints (cont.)

This recipe is almost all we need to write an optimizer, except for two
things: how to determine the initial allocation and how much of the
holdings of assets i and j to swap.

For the initial allocation, we could enter it “by hand”. But we can also
compute one automatically. There are several ways to do this. One
which is simple and works well is the following:

1 Make sure that wL ≤ wU , w ′L1 < 1, and w ′U1 > 1. Otherwise, either
there is no solution satisfying the constraints or the solution is already
known.

2 Set

w = wL +
1−w ′L1

w ′U1−w ′L1
(wU −wL) (5)

(note that w ′1 = 1 and that all the constraints are satisfied.)
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Other Practical Issues Constraints on Portfolios

Constraints (cont.)
In order to determine the amount by which we should reduce the
holding of the worst asset and increase that of the best asset,
remember that we are trying to increase expected utility by increasing
our holding of j and reducing our holding of i .
Therefore, we will change holdings from w to w + cs. Here, s is a
N-vector telling us which holding we will increase and which holding
we will reduce, i.e. containing +1 at position j , −1 at position i and
zero elsewhere; c is the size of the increase/decrease.

Our problem is to determine c . To do this, let us compare the utility
in the new allocation, w + cs, with that in the old one, w :

∆V = (w + cs)′ µ− a
2

(w + cs)′Σ(w + cs)−
(
w ′µ− a

2
w ′Σw

)
(6)

Simplifying,
∆V = cs ′µ− a

2
(
c2s ′Σs +2cs ′Σw

)
(7)
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Other Practical Issues Constraints on Portfolios

Constraints (cont.)

To find the maximum increase in utility, differentiate ∆V with respect
to c to get

∂ ∆V
∂c

= s ′µ−as ′Σw −acs ′Σs = 0 (8)

Therefore, our tentative value for c is given by

c =
s ′µ−as ′Σw

as ′Σs
(9)

Incorporating the constraints on holdings, we have

c = min
(

s ′µ−as ′Σw
as ′Σs

,ωUj −ωj ,ωi −ωLi

)
(10)
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Other Practical Issues Constraints on Portfolios

Constraints (cont.)

Graphically, there will be a difference between the constrained and the
unconstrained efficient set (in the example µ =

[
0.1 0.2 0.15

]′,
Σ =

 0.2 0.1 0.05
0.1 0.2 0.1
0.05 0.1 0.3

, wL =
[
0.3 0.3 0.3

]′,
wU =

[
1 1 1

]′ ):

Practical Issues (Session 6) Investments Spring 2010 17 / 33



Other Practical Issues Constraints on Portfolios

Constraints (cont.)
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Other Practical Issues International Diversification

International Diversification

Correlation in returns between countries is much lower than correlation
between stock returns within a country. Consider the following data
from Solink for the period 1971-1998 (International Investments, 4th
ed.):

Country F D I NL SP CH GB US
France 1
Germany 0.61 1
Italy 0.44 0.4 1

Netherlands 0.61 0.69 0.38 1
Spain 0.43 0.42 0.42 0.43 1

Switzerland 0.60 0.67 0.35 0.69 0.39 1
United Kingdom 0.54 0.44 0.34 0.64 0.35 0.54 1

U.S.A. 0.45 0.38 0.26 0.59 0.33 0.48 0.52 1
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Other Practical Issues International Diversification

International Diversification (cont.)
As a result, for a given level of expected return, the risk of a stock
portfolio can be further reduced by considering international stocks.
Solnik (JF 1974) has shown that the residual risk by diversifying
across U.S. stocks only is 27% of intial risk, whereas international
diversification can reduce it to 11.7%.
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Other Practical Issues International Diversification

International Diversification (cont.)

When considering international stocks, it is important to take
exchange rate risk into account.

Suppose that exchange rate risk is not hedged. How should portfolio
optimization be performed?

Things can actually be done in the usual way, but all returns, variances
and covariances must be translated in the home currency.

Let Rm denote the return on the foreign market (or stock) and Rs the
return on the foreign currency. Then, the return on the foreign market
translated in home currency, Rf , is given by
Rf = Rm +Rs +RmRs ≈ Rm +Rs . For expected returns,

µf ≈ µm + µs (11)
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International Diversification (cont.)

Similarly, let σm denote the standard deviation of returns on the
foreign market, σs the exchange rate volatility and ρm,s the correlation
coefficient between the two. Then, the risk of the foreign market when
returns are translated in home currency, σf , is given by

σf =
√

σ2
m +2ρm,sσsσm + σ2

s (12)

Since the two risks are not perfectly correlated, σf < σm + σs .

Over short periods of time, exchange rate risk can dominate capital
gains or losses on the foreign market.

Over long periods of time, however, exchange rate risk is small
compared to market risk on the foreign markets. This is because the
correlation between currencies is low and currencies tend to be
mean-reverting.
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International Diversification (cont.)

The consequence is that the country of domicile affects the expected
returns and risk from international diversification (so, if you are an
asset manager, you should think about which currency your customer
is consuming in before deciding how to invest).

Suppose you want to decide wether to invest in a number of foreign
markets or not.This can be done by letting each of the countries
(including the domestic country) be one asset in your decision problem
and solving it as usual.

Your vector of expected returns would be

µ =
[

µd µf 1 ... µfK
]′ (13)

where µd denotes expected return on domestic stocks,
µfk = µmk + µsk expected return in foreign country k .
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International Diversification (cont.)
The variance-covariance matrix of returns would be

Σ =


σ2

d ρd ,f 1σdσf 1 ... ρd ,fK σdσfK
ρd ,f 1σdσf 1 σ2

f 1 ... ρf 1,fK σf 1σfK
...

ρd ,fK σdσfK ρf 1,fK σf 1σfK ... σ2
fK

 (14)

Then, you could solve for the optimal risky portfolio

w =
1
a

Σ−1 (µ−R1) (15)

A positive weight indicates you should invest in a given market, a
negative weight that you should short it (of course, short-sale
constraints can be accounted for here as well).

As was noted when we discussed multi-factor models, industry facors
are an important determinant of the covariation in stock returns.
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International Diversification (cont.)

A controversial issue that arises in the context of international
investments is the extent to which industry sectors matter for asset
allocation or whether one would do “well enough” by diversifying
across countries.

Most studies come to the conclusion that little of the variation in
country index returns can be explained by their industrial composition.

Thus, most of the benefits of diversification can be achieved by
diversifying across countries; also diversifying across industries only
brings a minor additional reduction in portfolio risk.

Practical Issues (Session 6) Investments Spring 2010 25 / 33



Investments Styles and Types of Funds Available

Outline
I. Portfolio Strategies

Buy & Hold
Constant Mix
Constant-Proportion Portfolio Insurance
Option-Based Portfolio Insurance
Quantitative Market-Timing Models

II. Other Practical Issues
Constraints on Portfolios
International Diversification

III. Investments Styles and Types of Funds Available
Passive Fund Management Styles
Active Fund Management Styles
Alternative Investments

IV. For Further Reading
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